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Parametric instability of oscillations of a vortex ring in a z-periodic Bose-Einstein
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(Dated: September 20, 2018)
The dynamics of deformations of a quantum vortex ring in a Bose-Einstein condensate with peri-
odic equilibrium density ρ(z) = 1−ǫ cos z has been considered within the local induction approxima-
tion. Parametric instabilities of the normal modes with azimuthal numbers ±m have been revealed
at the energy integral E near values E
(p)
m = 2m
√
m2 − 1/p, where p is the resonance order. Numer-
ical simulations have shown that already at ǫ ∼ 0.03 a rapid growth of unstable modes with m = 2,
p = 1 to magnitudes of order of unity is typical, which is then followed, after a few large oscillations,
by fast return to a weakly excited state. Such behavior corresponds to an integrable Hamiltonian of
the form H ∝ σ(E(1)2 −E)(|b+|2 + |b−|2)− ǫ(b+b− + b∗+b∗−) + u(|b+|4 + |b−|4) +w|b+|2|b−|2 for two
complex envelopes b±(t). The results have been compared to parametric instabilities of vortex ring
in condensate with density ρ(z, r) = 1− r2 − αz2, which take place at α ≈ 8/5 and at α ≈ 16/7.
Introduction. The dynamics of quantum vortices in a
trapped atomic Bose-Einstein condensate with spatially
inhomogeneous equilibrium density ρ(r) differs signifi-
cantly from their dynamics in a uniform system, and the
differences are not only quantitative but also qualitative
(see review [1] and references therein). Development of
experimental methods in this field makes actual new and
diverse profiles ρ(r). Therefore, vortices in nonuniform
systems continue to attract interest in experiment as well
as in the theory [2–16]. In the general case the problem
is quite complicated, because vortices interact with po-
tential excitations and with non-condensate atoms. But
if the condensate at zero temperature is in the Thomas-
Fermi regime (the vortex core width ξ is much smaller
than a typical scale of the inhomogeneity and the vortex
size R∗), then one can neglect the potential degrees of
freedom and use the “anelastic” hydrodynamic approxi-
mation [2–4, 7, 11, 17, 18]. If, besides that, a vortex line
configuration is far from self-intersections, then a sim-
ple mathematical model is applicable, the local induction
equation [2–4]
Rt
∣∣
normal
=
ΓΛ
4π
(
κb+ [∇ ln ρ(R)× τ ]
)
, (1)
where R(β, t) is the geometric shape of the filament de-
pending on arbitrary longitudinal parameter β and time
t, the parameter Γ = 2π~/matom is the velocity circu-
lation quantum, Λ = ln(R∗/ξ) ≈ const is a large log-
arithm, κ is a local curvature of the vortex line, b is
the unit binormal vector, and τ is the unit tangent vec-
tor. To make formulas clean, below we use dimension-
less quantities, so that ΓΛ/4π = 1, R∗ ∼ 1. It is a well
known fact that in the case ρ = const, the local induction
equation is reduced by the Hasimoto transform [19] to
the one-dimensional (1D) focusing nonlinear Schro¨dinger
equation, so the vortex line dynamics against a uniform
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background is nearly integrable. For nonuniform density
profiles investigation of this model is still in the very be-
ginning [13, 14, 20, 21]. Even the simplest 1D-periodic
density profile
ρ(z) = 1− ǫ cos z (2)
was not applied so far in the framework of Eq.(1), al-
though, by the way it is easily realized in optical traps.
The purpose of this work is to fill this gap in the theory by
considering the propagation of a deformed quantum vor-
tex ring through Bose-Einstein condensate with nonuni-
form density (2). By theoretical analysis and numerical
simulations we shall identify here such interesting phe-
nomena as parametric resonance and a quasi-recurrence
to a weakly excited starting state. To the best author’s
knowledge, an idea about possibility of these effects in
the system under consideration was not put forward pre-
viously by anyone. Besides that, we will compare the
results with other type parametric instabilities of a vor-
tex ring, which were found in recent studies to take place
in harmonically trapped condensate with parabolic den-
sity profile ρh(z, r) = 1−r2−αz2 near two definite values
of the anisotropy parameter α(1) = 8/5 and α(2) = 16/7.
Variational structure of equations. For our pur-
poses it will be convenient to take angle ϕ in the cylin-
drical coordinate system as the longitudinal parameter,
while the two other coordinates will be considered as un-
known functions R(ϕ, t) and Z(ϕ, t) (apparently, both
2π-periodic on ϕ) which determine geometric shape of
the vortex ring at an arbitrary time moment. We re-
strict our study by axisymmetric density profiles ρ(z, r).
Equations of motion for R(ϕ, t) and Z(ϕ, t), equivalent
to the vector equation (1), can be then written in a non-
canonical Hamiltonian form,
ρ(Z,R)RZ˙ = − ∂
∂ϕ
ρ(Z,R)R′√
R2+R′2+Z ′2
+
∂ρ(Z,R)
∂R
√
R2+R′2+Z ′2 +
ρ(Z,R)R√
R2+R′2+Z ′2
,(3)
2−ρ(Z,R)RR˙ = − ∂
∂ϕ
ρ(Z,R)Z ′√
R2 +R′2 + Z ′2
+
∂ρ(Z,R)
∂Z
√
R2 +R′2 + Z ′2, (4)
where primes denote the partial derivatives on ϕ, and
dots stand for time derivatives. The corresponding La-
grangian has the following form
L =
∫
F (Z,R)Z˙dϕ−
∫
ρ(Z,R)
√
R2 +R′2 + Z ′2dϕ,
(5)
where it is implied that for ρ(z, r) = f(z, r2/2) the func-
tion F (Z,R) is determined by formula
F (Z,R) =
∫ R2/2
U(z)
f(Z, u)du, (6)
and U(z) can be chosen arbitrary. In particular, for
r-independent density profiles ρ(z) we obtain F =
ρ(Z)R2/2, while for condensate in a harmonic trap it
is convenient to take F = −(1−R2−αZ2)2/4 = −ρ2h/4.
Parametric instability. Let us first consider the case
ρ = ρ(z), when unperturbed propagation of a perfectly
circular ring along z axis is described by solutions of the
form R = R0(t) and Z = Z0(t), which satisfy a simple
system of ordinary differential equations
Z˙0 = 1/R0, R˙0 = −ρ′(Z0)/ρ(Z0). (7)
Obviously, this system has integral of motion R0ρ(Z0) =
E = const. Let us consider now the dynamics of small
azimuthal deviations from the perfect shape, by writing
R = R0(t) +
∑
m≥1
[
Rme
imϕ +R∗me
−imϕ
]
, (8)
Z = Z0(t) +
∑
m≥1
[
Zme
imϕ + Z∗me
−imϕ
]
, (9)
where Rm(t) and Zm(t) are small complex Fourier co-
efficients. A linearized system for them follows from
Eqs.(3)-(4). With taking into account the relation d/dt =
(1/R0)d/dZ0 and the presence of integral of motion
R0ρ(Z0) = E, we easily obtain
d
dZ0
Zm =
ρ(Z0)
E
[m2 − 1]Rm, (10)
− d
dZ0
Rm =
ρ(Z0)
E
[
m2 +
E2
ρ2(Z0)
(ρ′(Z0)
ρ(Z0)
)′]
Zm.(11)
It is convenient to introduce here instead of Z0 a new
independent variable µ in accordance with ρ(Z0)dZ0 =
dµ. Then the linearized system looks very simple:
dZm
dµ
=
1
E
[m2 − 1]Rm, (12)
−dRm
dµ
=
1
E
[
m2 +
E2
f(µ)
d2f(µ)
dµ2
]
Zm, (13)
where function f(µ) = ρ(Z0(µ)) has been introduced. In
our case this dependence is 2π-periodic, so after reduc-
tion of (12)-(13) to a single differential equation of the
second order we obtain a Hill equation,
d2Zm
dµ2
+
[m2(m2 − 1)
E2
+ (m2 − 1)f
′′(µ)
f(µ)
]
Zm = 0, (14)
which is widely known as the main mathematical model
describing parametric resonance in linear systems. From
here conditions for parametric resonance of order p =
1, 2, . . . immediately follow: E ≈ E(p)m = 2m
√
m2 − 1/p.
In this work we mainly concentrate on the case m = 2,
p = 1. Let us note that at small values of the den-
sity modulation depth ǫ ≪ 1 we have approximately
f ′′(µ)/f(µ) ≈ ǫ cosµ, i.e. the Hill equation takes form
of the Mathieu equation. At the same time, the modu-
lation depth of the nonuniform coefficient in Eq.(14) is
equal to 12ǫ. The spatial increment of the instability
at exact resonance is given, as can be easily shown, by
formula γ(z) ≈ (3/2)ǫ. It corresponds to the growth of
the elliptic mode of the ring by a factor of exp(3πǫ) per
one period of the density modulation. Even with rela-
tively small ǫ ∼ 0.03 we thus have a very rapid growth
of deviations.
Numerical simulations. In order to investigate a
nonlinear stage of the parametric instability develop-
ment, solutions of the evolutionary system (3)-(4) at
ρ = 1 − ǫ cos z with different initial conditions were
found numerically by a pseudo-spectral method using a
Runge-Kutta 4-th order procedure for the time stepping.
Since it follows from the linear analysis of perturbations
that at small ǫ near parametric resonance the depen-
dencies R2(Z0) and Z2(Z0) have an oscillating charac-
ter with period near 4π, while their linear combinations
[R2 − i(2/
√
3)Z2] and [R
∗
2 − i(2/
√
3)Z∗2 ] are mainly pro-
portional to exp(−iZ0/2) (when higher harmonics are ne-
glected), then for better understanding of the system dy-
namics it is useful to study behaviour of “slow”complex-
valued functions
Ac = +2[Re(R2)− i(2/
√
3)Re(Z2)] exp(iZ0/2),(15)
As = −2[Im(R2)− i(2/
√
3)Im(Z2)] exp(iZ0/2).(16)
Let us note that Ac and As are complex envelopes for the
amplitudes of standing modes cos 2ϕ and sin 2ϕ respec-
tively, while A± = (Ac∓ iAs)/2 correspond to decompo-
sition of elliptic perturbations of the vortex ring on the
propagating modes exp(±2iϕ).
Two typical numerical examples of the ring perturba-
tion dynamics are presented in Fig.1. The main features
there which catch our eye are the periodic synchronous
returns of the system to a weakly excited state, alternat-
ing with strongly deformed ring configurations, the last
ones having different angular orientation on the (x, y)
plane. Therefore, periodic is not each envelope taken
separately, but their combination
√
|Ac|2 + |As|2 which
is independent on angle reading. Only with increase of
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FIG. 1: Two examples of the vortex ring parametric instabil-
ity development and its return to a weakly excited state at
ǫ = 0.03. The residual oscillations on the curves are caused
by the presence of higher harmonics, which are typical for
parametrically unstable systems. Initial conditions in case
(a): R(0) = 4
√
3+0.10 cos(2ϕ), Z(0) = −0.02(√3/2) sin(2ϕ),
it corresponds to Ac(0) = 0.10, As(0) = 0.02i; in case (b):
R(0) = 4
√
3 + 0.02 cos(2ϕ), Z(0) = −0.10(√3/2) sin(2ϕ), it
corresponds to Ac(0) = 0.02, As(0) = 0.10i.
the parameter ǫ to values ǫ ∼ 0.1, the regular behaviour
is destructed (not shown in the figures).
Such a recurrent dynamics is typical of autonomic inte-
grable systems with a few degrees of freedom. Therefore
it makes sense to derive a simplified model which could
reproduce at least semi-quantitatively the dependencies
observed in the numerical experiment.
Explanation of the recurrence phenomenon. In
order to explain theoretically the recurrent dynamics of
ring deformations, we introduce new canonically conju-
gate variables
S =
R2
2
ρ2(Z) = S0 +
∑
m≥1
[Sme
imϕ + S∗me
−imϕ],(17)
χ =
∫ Z
0
dz
ρ(z)
= χ0 +
∑
m≥1
[χme
imϕ + χ∗me
−imϕ],(18)
and expand on small disturbances the corresponding
Hamiltonian of the ring,
H =
∫ √
2S + g4(χ)χ′2 + g2(χ)
(√2S
g(χ)
)′2
dϕ, (19)
with g(χ(z)) = ρ(z) [at small ǫ we have g(χ) = 1 −
ǫ cos(χ) + O(ǫ2)]. At that we obtain H/(2π) = H{0} +∑
m≥1H
{2}
m +H{3} +H{4} . . . , where H(0) =
√
2S0,
H{2}m = −
|Sm|2√
(2S0)3
+
m2√
2S0
[
g40 |χm|2
+
|Sm|2
2S0
− g
′
0
g0
(Smχ
∗
m + S
∗
mχm) +
2S0g
′2
0
g20
|χm|2
]
,(20)
and g0 = g(χ0). Let us separate in H
{2}
m the terms of
zeroth order on ǫ and in a standard way construct on
them the normal complex variables
am =
√
m2 − 1(2S0)−3/4Sm − im(2S0)−1/4χm√
2ωm
, (21)
a−m =
√
m2 − 1(2S0)−3/4S∗m − im(2S0)−1/4χ∗m√
2ωm
, (22)
where the frequency in spatially uniform system is
ωm =
m
√
m2 − 1
2S0
. (23)
The variable χ0 is slightly renormalized at that, but we
keep the same notation.
It is very important that at ǫ = 0 our system is com-
pletely integrable. Therefore there exist such renormal-
ized normal variables bm = am+O{a2}, that three-wave
interactions are excluded, while fourth-order terms have
the form H˜{4} = (1/2)
∑
k,nWkn|bk|2|bn|2.
Let us consider mode excitations for resonance num-
ber m at p = 1 and introduce slow envelopes for the
corresponding normal variables:
bm = b+ exp(−iχ0/2), b−m = b− exp(−iχ0/2). (24)
After that we average H˜
{2}
m on the density oscillations
with an accuracy up to the first order on ǫ. Non-
trivial averaging is required for the term proportional
to −4ǫ cos(χ0)|χm|2, and also for −ǫ sin(χ0)(Smχ∗m +
S∗mχm). As the result of substitution (24) and subse-
quent averaging, an effective Lagrangian takes the fol-
lowing form:
L ≈ S0χ˙0 + ib˙+b∗+ + ib˙−b∗− +
χ˙0
2
(|b+|2 + |b−|2)
−
√
2S0 − m
√
m2 − 1
2S0
(|b+|2 + |b−|2)
+ǫ
√
m2 − 1
4m
(b+b− + b
∗
+b
∗
−)
−T (|b+|4 + |b−|4)−W |b+|2|b−|2. (25)
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FIG. 2: Quasi-closed phase trajectories in plane C, corre-
sponding to two numerical experiments presented in Fig.1.
It is important that we have here an integrable Hamil-
tonian system with three degrees of freedom. Apparent
integrals of motion, besides the Hamiltonian itself, are
S0 +
1
2
(|b+|2 + |b−|2) = I = const, (26)
|b+|2 − |b−|2 = D = const. (27)
Formula (26) shows that a mean size of the ring is de-
creased as its deformation is increased. Of course, it is
consistent with conservation of the total energy. The
conservation law (27) is actually for z-component of the
angular momentum. Excluding S0, we obtain an effective
Hamiltonian of perturbations in the form
H˜ =
m
√
m2 − 1(|b+|2 + |b−|2)
(2I − |b+|2 − |b−|2) +
√
2I − |b+|2 − |b−|2
−ǫ
√
m2 − 1
4m
(b+b− + b
∗
+b
∗
−)
+T (|b+|4 + |b−|4) +W |b+|2|b−|2. (28)
In terms of canonically conjugate variables N = |b+|2 +
|b−|2 and Φ = [arg(b+) + arg(b−)]/2 it is reduced to
H˜ =
m
√
m2 − 1N
(2I −N) − ǫ
√
m2 − 1
4m
√
N2 −D2 cos(2Φ)
+
√
2I −N + T
2
(N2 +D2) +
W
4
(N2 −D2).(29)
The recurrence phenomenon then corresponds to quasi-
closed phase trajectories in the complex plane of variable
C =
√
(|A+|2 + |A−|2)/2(A+A−)/|A+A−|, as shown in
Fig.2. Of course, the real phase trajectory only “in aver-
age” is described by the simplified model.
It is necessary also to say that applicability of the
Hamiltonian (28) is limited by close-to-resonance val-
ues of the parameter I. Taking 2I = 4m2(m2 − 1) + δ
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FIG. 3: Two types of nonlinear stage of parametric insta-
bilities of a vortex ring in condensate with density ρ =
1− r2 − αz2, observed in numerical experiments. Shown are
properly defined envelopes of unstable modes. The oscilla-
tions on the curves are caused by higher harmonics. In the
first case α = 8/5, R(0) = 0.88/
√
3 + 0.002 cos(ϕ), Z(0) = 0.
In the second case α = 16/7, R(0) = 0.95/
√
3+0.002 cos(2ϕ),
Z(0) = 0.
and making expansion up to 4-th order on b±, we obtain
a quite simplified model Hamiltonian as written in Ab-
stract. Its quadratic part corresponds to instability near
the resonance.
Comparison to vortex ring in a harmonic trap.
Since we speak here about parametric instabilities of
a quantum vortex ring, it makes sense to compare the
above described instability mechanism to a situation
where the condensate is bounded in space, and a finite
motion of perfect circular ring is described by two peri-
odic functions R0(t) and Z0(t). Specifically, we consider
a density profile ρh(z, r) = 1 − r2 − αz2 which is typi-
cal for harmonically trapped Bose-Einstein condensates
in the Thomas-Fermi regime. Each phase trajectory of
the perfect ring encompasses point Rst = 1/
√
3, Zst = 0,
while the squared eigenfrequencies of small oscillations
are given by expression first obtained in Ref. [14]:
ω2m = 9(m
2 − 3)(m2 − α). (30)
It follows from here that in the range 1 < α < 4 all the
modes are linearly stable. In our approach this result
is easily reproduced by introducing canonical variables
Q = 1 − R2 − αZ2 and P = QZ/2. The Hamiltonian of
perfect ring is defined then by rather elegant expression,
H0 =
√
Q20 − 4αP 20 −Q30, (31)
5and the stationary point is Qst = 2/3, Pst = 0.
Let us study small deviations of ring from the equi-
librium, by writing the local induction Hamiltonian
(2π)−1
∫
ρ(Z,R)
√
(R2 +R′2 + Z ′2)dϕ in terms of the
new variables and expanding on powers of small func-
tions q = Q(ϕ, t)− 2/3 and p = P (ϕ, t). We thus obtain
H{2}=
√
3
∑
m
[1
4
(m2−3)|qm|2+3(m2−α)|pm|2
]
,(32)
H{3} = − 1
2π
∫ [3√3
4
q3 +
9
√
3
2
(α − 1)p2q′′
]
dϕ.(33)
The term H{2} gives formula (30). In terms of normal
complex variables defined as
am =
(
√
3|m2−3|/2) 12 qm + i(6
√
3|m2 − α|) 12 pm√
2|ωm|
, (34)
the quadratic Hamiltonian H{2} = ∑m ωm|am|2. It is
very important that the two first frequencies ω0 and ω1
have the negative sign, while at |m| ≥ 2 all ωm are
positive (which fact was not taken into account by the
authors of Ref.[14], since they did not use the Hamil-
tonian method). Therefore at definite values of the
anisotropy parameter α, nonlinear resonances arise be-
tween some modes, leading to parametric instabilities.
In particular, the condition ω0 ≈ 2ω1 takes place near
α(1) = 8/5, and then nonlinear resonance processes
occur which are described by interaction of the form
V (1)(a∗0a1a−1+a0a
∗
1a
∗
−1), while at α ≈ α(2) = 16/7, when
ω0 ≈ −2ω2, in resonance are the processes corresponding
to interaction in the form V (2)(a0a2a−2 + a
∗
0a
∗
2a
∗
−2). In
both situations, a weakly nonlinear dynamics is approxi-
mately described by integrable Hamiltonians of standard
form:
H(1) = (δ(1) − 2Ω(1))|a0|2 − Ω(1)(|a1|2 + |a−1|2)
+V (1)(a∗0a1a−1 + a0a
∗
1a
∗
−1), (35)
H(2) = (δ(2) − 2Ω(2))|a0|2 +Ω(2)(|a2|2 + |a−2|2)
+V (2)(a0a2a−2 + a
∗
0a
∗
2a
∗
−2), (36)
where δ(1) and δ(2) are small frequency detuning param-
eters, and the coefficients V (1), V (2) can be calculated by
re-writing H{3} in terms of am. In the first case there
are additional integrals of motion |a0|2 + |a1|2 = s+ and
|a0|2 + |a−1|2 = s−, so the system remains in a weakly
nonlinear regime, and a periodic recurrence of ring to
an almost axisymmetric state occurs, as it is shown in
Fig.3a. In the second case, the additional integrals of
motion are |a0|2 − |a2|2 = d+ and |a0|2 − |a−2|2 = d−,
and the parametric instability has an explosive character,
as it is seen in Fig.3b. In fact, as numerical simulations of
system (3)-(4) at ρ = 1− r2−αz2 demonstrate, at the fi-
nal stage of the explosive instability so large deformation
of the vortex ring is attained that some its parts closely
approach the Thomas-Fermi surface (which is an effec-
tive condensate boundary), and there the hydrodynamic
anelastic approximation certainly fails.
Conclusions. Thus, in this work for the first time we
have predicted the parametric instability of oscillations of
quantum vortex ring in a spatially periodic Bose-Einstein
condensate at definite sizes of the ring, and also in har-
monically trapped condensate — at definite values ot the
trap anisotropy. In all the cases, we numerically sim-
ulated nonlinear stages of the instabilities. The found
here phenomenon of quasi-recurrence was theoretically
explained. Such kind nontrivial behaviour of vortex ring
definitely deserves further studies within more accurate
models. In particular, it is very desirable to reproduce
the parametric instability at moderate values of Λ imme-
diately in a numerical solution of the 3D Gross-Pitaevskii
equation with periodic external potential, as well as in
anisotropic harmonic potential. After that, organization
of some real-world experiments could become actual.
[1] A. L. Fetter, Rev. Mod. Phys. 81, 647 (2009).
[2] A. A. Svidzinsky and A. L. Fetter, Phys. Rev. A 62,
063617 (2000).
[3] A. L. Fetter and A. A. Svidzinsky, J. Phys.: Condens.
Matter 13, R135 (2001).
[4] V. P. Ruban, Phys. Rev. E 64, 036305 (2001).
[5] A. Aftalion and T. Riviere, Phys. Rev. A 64, 043611
(2001).
[6] J. Garcia-Ripoll and V. Perez-Garcia, Phys. Rev. A 64,
053611 (2001).
[7] J. R. Anglin, Phys. Rev. A 65, 063611 (2002).
[8] P. Rosenbusch, V. Bretin, and J. Dalibard, Phys. Rev.
Lett. 89, 200403 (2002).
[9] A. Aftalion and I. Danaila, Phys. Rev. A 68, 023603
(2003).
[10] A. Aftalion and I. Danaila, Phys. Rev. A 69, 033608
(2004).
[11] D. E. Sheehy and L. Radzihovsky, Phys. Rev. A 70,
063620 (2004).
[12] I. Danaila, Phys. Rev. A 72, 013605 (2005).
[13] A. Fetter, Phys. Rev. A 69, 043617 (2004).
[14] T.-L. Horng, S.-C. Gou, and T.-C. Lin, Phys. Rev. A 74,
041603 (2006).
[15] S. Serafini, L. Galantucci, E. Iseni, T. Bienaime, R. N.
Bisset, C. F. Barenghi, F. Dalfovo, G. Lamporesi, G.
Ferrari, Phys. Rev. X 7, 021031 (2017).
[16] R. N. Bisset, S. Serafini, E. Iseni, M. Barbiero,
T. Bienaime, G. Lamporesi, G. Ferrari, F. Dalfovo,
arXiv:1705.09102.
[17] V. P. Ruban, JETP Letters 105, 458 (2017).
[18] V. P. Ruban, JETP 124, 932 (2017); arXiv:1612.00165.
[19] H. Hasimoto, J. Fluid Mech. 51, 477 (1972).
[20] V. P. Ruban, JETP Letters 103, 780 (2016).
[21] V. P. Ruban, JETP Letters 104, 868 (2016).
